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W e consider an ex c hang e e cono m yi nw h i c h pri ce rigidi tie s are presen t. In the sh ort run
the no n-n um era i re com m o diti es ha v e a ￿exi ble pri ce le v el w i th re spe c tt ot he n um eraire
com m o dit y but the ir re lativ e price s a re m utua l ly ￿xed. I n the long run p r ice s a re as sum e d
to b e com pl etel y ￿ex ibl e. F or a giv en pri ce lev el an d ￿xed re lativ e pri ces, m ark e ts can b e
eq ui li bra te db ym eans o f quan tit y rationing on dem and and sup pl y .K eeping m ar k ets i n
eq ui li brium throug h rationing, w e pro vide an a djustm e n t pro cess in pric es and qua n titi es
con v erging from a tri vial equi li brium with co m ple te de m and rationing on all non- n um eraire
m ark ets toaW alrasian eq uili brium .A long the p ath i niti al ly all rel at i v e pri ces are k e pt
￿xed an d the price l ev el is incre a sed. Ra ti on i ng sc hem es are ad j u ste dt ok eep m ark e ts
in equi libri um . Doing so th e pro c ess reac he s a short run eq uili brium with only dem and
rationing an d no ra ti on i ng o n th e n um eraire a nd a t least one of the other c om m od i ties.
The pro c ess a l lo ws fo r a do wn w ard price a djustm en t of no n-rationed non -n um eraire com -
m o ditie s and re ac hes a W alrasian e quil ibri u m in the long run.
K ey wor ds: Ex chang e e c onomy, Pric e rigidities, Dis e q uilib r ium, R ationing sche m e, A d-
justmen t p r o c ess, Dr ￿ eze e quil ibrium, Walr asian e quil ibr iu m{ 1 {
1 In tro duc ti on
I n t h i s p a per a pri ce and quan tit y a djustm e n t pro cess i s descri be d to obta i naW alrasian
eq ui li brium i n a pure ex c hang e e con om y . A ta W alras i an eq uili brium the pric es i n the
ec o nom y are su c h tha t fo r ev ery com m o dit yi nt h ee con om y dem and e qua l s supply .F or an
arbitrary pri ce system so m e com m o diti es m a yb ei n e xce s s supply a nd other c om m od i ties i n
ex cess dem a nd. Eq ui li brium can then b e o btaine db y dem and and sup pl yr at i on i n g on the
com m o dit ym ark et s, as h as b e en in t r odu c ed b yD r ￿ e ze [ 5] .A s has b een no ti ce di nV eendorp
[23], the rele v an tm ar k et signals fo r an a djustm en t pro cess in an e cono m y are ba sed on
e￿ec tiv e dem a nd ass o ciated wit ha D r ￿ ez ee q uili brium instead o f the no ti on al dem and us e d
usua l ly . Theref o r ei nV e endo rp [23] a n a djustm e n t pro cess i n con ti n uou s tim ei s considere d
whic h fol lo ws a path o f Dr ￿ eze e quil ibri a a nd where pric es are adjus te da si n the W alrasian
tato nnem en t pro cess, wi th n oti o nal ex cess dem a nd repl ac ed b ye ￿e ctiv ee xce s s dem a nd.
In [ 2 3] (see a l s o the correc tion in L aro q ue [16 ] ) a pro o f of the con v ergence o f thi s pro c ess
is g i v e ni nam o del wi th three c om m od i ties a nd t w o co nsum e rs i n case the to tal exc ess
dem a nd fun c tion satis￿es a g ross subs ti tuta bi li t y conditi on . I n general, ho w ev er, suc ha
p r o c e s s d o e s n o tnece s saril y con v e rg e to a W al ra sian equi li br i um pric e system and e v e n
c ha otic b eha vi ou r m a yb ee x pe cted (see Da y a nd Pianigiani [3] ). The p oss i bil it yo fc ha otic
b eha viour ha s b e en c o n￿rm ed i nB ￿ oh m [2] in a m ore com pl icated m o del with o v e rlapping
generations, pro duce rs , a nd a go v er nm en t. There fo re a n alte rna ti v e a djustm e n t pro c ess i s
considere di n thi s pap e r.
W e a ssum e tha t one o f the com m o ditie si s the n um e ra i re ha ving ￿x ed pri ce eq ua l
to one. T he other com m o diti es, call ed real com m o diti es, ha v ei n the short te rm a ￿exi -
ble price lev el with resp ect to this n um e ra i re c om m o dit y , b ut ha v em utua l ly ￿x ed rel at i v e
pric es. When the price lev el i ss ol o w tha t no c o nsum e rw an ts to s e ll an ya m oun to ft h e
real com m o diti es, a n eq uili brium i s susta i ned b y com ple te dem and ra ti on i ng on all the
non -n um eraire com m odi tie s. W ei n tro duce an a djustm e n t pro c ess tha t s tarts with s uc ha
tri vial equi li br i um a nd subseque n tly ad j u sts pri ces a nd rationing sc hem e si n s u c haw a y
that a t a n ym om e n t during the adjustm en t pro ce ss i t holds tha t the m ark ets are k ept i n
eq ui li brium b y rationing the d e m and for the n on-n um e ra i re com m odi tie s, wh i le there i s
no rationing o n the supp l y side of the m ark e ts . I n the b eginning o f the pro c ess only the
pric e lev el of the real com m odi tie s and the rationing sc he m es a re adjusted. A ss o o na s
a tl east o ne of the no n-n um eraire c om m o diti es is no l o nger rationed in its dem a nd, w e
all ow i ts pri ce to decre a se rel ativ ely w i th resp e ct to the pri ce l ev el of the real c om m od i ties,
whil e the pric el e v e l is further adjusted in order to bri ng also th e o the rc o m m od i tie si n
eq ui li brium . This pro c edure of adjus tm en t o f the price le v el , all o wing the pric eo fac o m -
m o dit y to dec rease re lativ el yi fd e m and rationing i s no t binding, a nd a l lo wing for dem and
constra i n ts if the pri ce i sm axi m al re lativ et oi ts initi al v alue, i s con ti n ued un ti l none of the{ 2 {
com m o diti es is rationed and a W alrasian eq ui li brium h as b e en obta i ned. W e will construc-
tiv el y pro v e that there exi sts a path of pric es a nd r at i on i ng s c hem e s inducing appro xim at e
dem a nd-cons traine de quil ibri a , con ne cting a tri vi al d e m and -constra i ned equi li brium and
an appro xim at e W alrasian eq uili brium . The i na c curacy o f the ap pro x im ation can b e m ad e
arbitraril ys m al l.
In thi sw a y the econo m yr ea c hes throug h pri ce a nd de m an d ra ti on i ng adjustm en t
aW al ras i an e quil ibri um starting from a tri vial d e m and- c o nstrained e quil ibri um . Man y
auth ors ha v ei n tro duced m o del sw i th o nl y supply ra ti on i ng , e.g., see De he z and Dr ￿ eze [4],
Kurz [ 9] ,v a n der La an [10 ] ,W eddep oh l [24 ] , and W u [25]. Ho w e v e r, rec en t exp eri ence si n
Ea ste rn Euro p ean c ou n tr ies g i v er e a son to l o ok at dem and rationing as w e ll .F or gene ra l
eq u i li brium t y pe m ode ls wi th dem a nd rati on i n g o f the si tua ti o n in the So vi et R epubli cs
and the Eastern Europ ean c ou n tr ies w er e fer to P ol tero vi c h [19 ] . The exi stence o f dem and-
constra i ned equi li bria h as b e en sh o wn in H eri n gs [7], bu t th us far this t y p e of eq uil ibrium
w as not u se di n an a djustm e n t p ro cess to obta i na W al ra si a n equi li br ium .
Since at an y poi n ta l on g t h e se t foll o w ed b y the a djustm en t pro ce s s cons traine d
dem a nd equals sup pl y for e v e ry com m o dit y , trade i s alw a y s p o ssibl e. Th i si sc on tra ry
to o the r a djustm e n t pro c ess e s suc h a s the class i cal W alrasian ta tonnem en t pro c ess o r the
e￿ec tiv e a djustm e n t p ro cess o f v an der La an and T alm an , se e [13 ] and [14 ] . I n the se
p r o c e s se s t rade m ust b e p o stp o ned un ti l the W al ra si a n equi libri um ha s b e en re ac hed.
As arg ued b yB lad [1], i f con v ergence tak e s to o long, trad e s hould tak ep l ac e a t a non-
W alras i a n equi li br i um pri ce system .S o a l tho ugh the pri ce a djustm e n t pro cess considere d
in thi s p ape r c o n v erges alw a ys to a W al ra si an e quil ibrium ,i tm i gh t b e p ossible tha t the
con v ergence is no t fast enou gh. H o w ev er, the a djustm e n t pro ce ss m igh t term inate a t an y
p o i n ti nt i m e, b ec a use it i s alw a y s p o ssibl e to trade a c co r di ng to the pre v ai li ng dem and-
constra i ned equi libri um .
T hi s pa pe r i s orga ni zed as fo l lo ws. In Sec tion 2 w ei n tro duce the m od e l endo w e d
with thes e to fa d m issible pric es sa ti sf ying the short- run pri ce r estricti on s and de￿ne the
concept o f a real dem and- c o nstrained e quil ibri u m with giv en pri ce l ev el . In suc ha ne q ui -
li brium the n um e ra i re com m o dit yi s not rationed, there m a yb ed e m a nd rationing o n the
other m ark ets, and the pri ce l ev el equals a giv en v alue. W es h o w the exi st e nce of an eq ui -
li brium with c om plete dem an d r at i on i n g on all non- n um eraire com m o diti es for pri ce lev el s
lo w eno ugh. T he conce p t o f a prop er dem and-con straine d equi li brium is i n tro duc ed, b e-
ing a real dem a nd-cons traine d equi libri um without ra t ion i ng on the m ar k et of at least o ne
non -n um eraire c om m od i t y .I nS e cti o n3w e rel at e t o a n y ele m en t o f the (n + 1 )-dim ensiona l
cub e s i m ul ta ne o usly a pric e and rationing system .W e discuss the b e hav iour of the rel at e d
tota l ex cess dem an d f un c tion on the c ub e. In S e cti o n4w e pro v eb ym e a n so fs i m pli ci al
app ro x im ati o n tha t there e xists a pa th of pri ces an d rationing sc hem e si n duc ing appro x-
im a te real dem and- c o nstrained e quil ibri a and sho w tha t t hi sp a t hc o nne cts a trivi al re al{ 3 {
dem a nd-cons traine d equil ibri um with ze ro de m and rati o ning for a l l non- n um eraire com -
m o ditie s with a n ap pro x im ate prop er dem a nd-cons traine de quil ibrium . In Secti on 5 w e
in tro duce pric e ￿exi bi li t y for the non- n um eraire c om m o dit ies. W e de￿ne a gene ra l ize dr e al
d e m an d -cons traine d equi li brium w i th giv en pric el ev el. In suc h a n equil ibri um the n u-
m e ra i re co m m od i t y is not rationed, there m a yb ed e m an d r at i on i ng o n t h e other m ar k ets,
and i n case there i s no rationing o n a m ark et the price l ev el i s all o w ed to b e lo w er than the
giv en pric el ev el. W e then pro v et he e x istence o f a p ath of appro xim at e ge neraliz ed re al
dem a nd-cons traine de quil ibri a connecti ng a trivi a l real dem and-co nstrained eq uil ibrium
with a n app ro x im at e W alrasian e quil ibrium . I nS e ction 6 w e discuss a nd il lustra te the
b eha viour o f the adjus tm en t pro c ess. So fa r, o nl y a ppro xi m ate equi li bria are considere d
with the inaccuracy of the appro xim at i on ar bi trarily sm al l. I n Sec tion 7 exact equi li bria
are c o nside red. In th i s case th e e xistenc e of a con ne cted s e t of gener al ize d real dem and-
constra i ned e quil ibri a con taining b oth a tri vial real dem a nd-cons traine de q uili brium and a
W alras i an e q uil ibrium i s sho wn.
2 The m od el











r ): In thi s econom y there are m
consum ers, inde xed i =1 ;:: :;m , and n + 1 com m o diti es, inde xed j =1 ;:::; n +1 . F or
ease of n otation, in the seque lw ed e n ote the se to fi nd i ces f1;:::; k g b y I
k
: E a c h c o nsum e r
i i s c ha racte riz ed b ya c o nsum pti o n set X
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. W e tak e one of the com m o diti es, sa y com m o dit y n + 1, as the






b y w ,a W alrasian equil ibri um for the ec o nom y
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for ev e ry i 2 I
m
: I n thi s pap e rw e a ssum e that the ec o nom y E i s initi al ly face dw i th
com pl etel y ￿xed re lativ e pric es fo r the non-n um eraire o r re a l co m m od i tie s , determ ined b y
the v ec to r
e
r 2 I R
n
++
, whil e the p ri ce sr e lativ e to the n um eraire com m o dit y a re ￿exi ble .F or
a giv en pric el e v el ￿> 0 , the v e ctor o f pric es
e














(￿)=1 . B yv arying the pri ce l ev el ￿ the pri ce s of the non-n um erair e com m o diti es can
b e adjusted up w a rds or do wn w ards with resp e ct to th e pri ce o f the n um eraire c om m o dit y ,
whic hi s a ssum ed to b e eq ua l t o o ne . T he foll owi ng a ssum ptions with resp e ct to the
ec o nom y E are m a de:
A1. F or e v e ry co nsum e r i 2 I
m
the c o nsum pti o n set X
i
be long s to I R
n +1
+
,i sc l os e d and








A2. F or ev ery cons um er i 2 I
m




is co m ple te, c on t in-
uo us, stro ngly m o noton i c, and s trongly con v ex.{ 4 {
A3. F or ev ery cons um er i 2 I
m
the v e ctor of ini tial endo wm en ts w
i




Noti ce that the a ssum ption of strong c on v ex it yi n A2 allo ws us to w ork with dem and
functi o ns instead of dem and corresp ondence s.
I n ge ne ra l the ￿xe dr e lativ e price s wil l n ot be e qual to the rel at i v e pri ces in an y
W alras i a n equi li brium a nd hence there m a y not ex ist an ￿
￿







) supp orts a W al ra si an e quil ibrium .T oe q uil ibrate the de m and a nd the supply
under pri ce re s tri cti o ns, i nD r ￿ eze [5] an equi li brium c on c ept ha s b ee ni n t r odu c ed in v olv ing
for eac hc o nsum er i 2 I
m





o n his net supply





o n his net dem a nd. Gi v en a price v e ctor
p 2 I R
n+ 1
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, the co nstraine d budg e t set of











































). Bec a use o f th e stron g c on v ex it y and stro ng m ono tonic it y ass um pt i on s thi s












. F or a
giv en price l ev el ￿>0, a co nstrained ￿-equil ibri um is de￿ned a s follo ws.
De￿ni tion 2. 1 Constraine d ￿-e quil ibri um
















p (￿) and, for eve r yc onsumer i 2 I
m
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fo ra l l i 2 I
m
.
A cons trai ne d ￿ -e quil ibri um c oi ncide sw i th the de￿niti o n o f a cons traine d equi li brium g i v e n
in D r ￿ e ze [ 5] for a v ector
e
p(￿ )o f￿ x ed pric es. Co ndit ion (i) re quire s tha t the cons um ption
of e ac hc o nsum e re qua l s his cons trai ne d dem a nd while c o ndi tion (i i) is t he m ar k et cl earing
conditi o n. Conditi on ( i ii ) req ui res all m ark ets to b e fric tionle ss , m e a ning that rationing














, cons um er i 2 I
m
is sa i d to b e co nstrained on h i sd e m and on m ark e t
k 2 I
n +1
; or eq uiv alen tly L
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k
is sa i dt o b eb i nding f or c o nsum er i 2 I
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for all j 2 I
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+ ": U si ng the stro ng con v exi t yo fp r e fere nc es it is not
di￿ cult to sh o w that if consum er i 2 I
m














; a nd if cons um er i 2 I
m
is n ot cons traine do nh i s dem a n do nm ark e t














) for e v er y ">0 : Sim i lar rem ar k s can b e m ad e with re spe c t
t o supply rati o ning. So conditi on ( i ii) states th at in a c o nstrained ￿-e quil ibri um there i sn o
bindi ng ra ti on i ng o n a t least one s i de o f the m ar k et. A c o nstrained ￿ -eq ui li brium without
rationing y iel ds a W al ra sian equi li br i um .
F or a n y giv en pri ce l ev el ￿>0, there exi st t w o triv ial c o nstrained ￿-equi li bria. One
































=0 a nd for







.A t these equi li br i aa l l tra di n g po ss i bi li tie s a re exc luded b y the
rationing sc hem e s. T hi se xcl us i on o f al l trad i ng p o ssibi li ties is no t all o w ed at the so-ca l le d
supp l y-constra i ned a nd dem and- c o nstrained ￿-e quil ibri a.
De￿ni tion 2. 2 Supply -constraine d (dem a nd- con st ra i ned) ￿-eq uil ibrium
F or a g ive n pric e lev el ￿>0 ; a supply- constrained (dem a nd-c on st ra i ned) ￿-e quil ibri um























for the e c on om y E satisfying t h at for e ve r yc o n sumer i 2 I
m





















), and ther ei sa tl e ast one c ommo dity k 2 I
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s u c h





















So, i n a s uppl y-con straine d (dem a nd-constra i ned) ￿-equi li brium there i sn ob i nding ra-
tioning on the dem a nd (supply ) o f the consum ers, whi le a t l eas t o ne com m odi t y is not
rationed at all .I nv an der L aa n [11 ] i th a s b e e n pro v ed that for an yv al ue ￿>0o ft h e
pric el e v el , there e xists a sup pl y-cons tr ai ne d ￿ -equi li brium , see also Kurz [9] an d v an de r
La an [10]. F or a s i m il ar m od e lw i th pro ducti o n Dehe z and Dr ￿ eze [4] pro v e d tha t u nde r
a ￿e xibl e pric el e v e l (i. e. , under e n dogeno us dete rm ination o f the pri ce l ev el ￿) there e x-
ists a su ppl y-cons traine d ￿ -eq uili brium w i th no ra ti on i ng on the n um eraire a nd non- z ero
rationing on a t least one re a l com m o dit y .V a n der La an [ 1 2] s tre ng thene d this re su l tb y
pro vi ng (in a m o del wi th out pro ducti o n) tha t for s om e ￿> 0 ; i.e ., i nc a se of a ￿exi ble
pric el ev e l, th e re e xists a supply -c o nstrained ￿-equi li br i um with no rationing o n b o th the
n um era i re and a t l east o ne r ea l com m o dit y . Moreo v er, fo r W e st e rn o r c ap i ta l ist ec o nom i es
he pro vi de d an econo m ic rationa l e fo r the em piri cal o bserv ation tha t sup pl y-cons traine d
￿-e quil ibri a seem ed to o cc ur m ore freq uen tl yt h a nd e m and- c o nstrained ￿ -e quil ibria. Som e
supp l y-constra i ned ￿ -e quil ibrium exi stence results for econo m ie sw i th a l ternativ e sets of
adm issibl e price sh a v eb e en pro vided b yW e dd e p ohl [24] an d W u [25 ] .
Rece n t exp eri ences in Ea stern Euro p e g i v ee no ugh re a son to l o o ka td e m and-
constra i ned ￿-e quil ibri aa s w ell .I n P olte ro vic h [19] som e general equil ibri um t y pe m o del s{ 6 {
of the si tu ati on i n the So vi et Re pu bl ic s a nd the E astern Europ ean coun tri es are considere d
with the p o ssibi li t yo fd e m and rationing on ev ery m ark et. In Heri ng s [ 7] for ev e ry ￿>0
the ex istence o f a dem and- c o nstrained ￿-equi libri um is sho wn . I n cas e th e re is no supply
rationing, the rationing sc he m e of a consum er i 2 I
m






. Giv en a price system p a nd a ra ti on i ng sc he m e L
i
the budg e t set of c o nsum e r






















g a nd the corresp ond-




). A dem and- c o nstrained ￿-equi li brium i s









) of pri ces, consum ption bu ndl es, a nd rationing
sc he m es. In the sequel of thi sp a p e rw e only cons i der de m and -c o nstra i ned ￿-equi li bria
with no bi nding rati on i n g on the n um eraire co m m od i t y .W e cal l suc ha n e quil ibri um a r e al
d e m and-cons traine d ￿-equi li br ium .
De￿ni tion2 . 3R eal d e m and-constraine d ￿-e quil ibri um
F or a giv en pric e le vel ￿>0 ;a re al de m and-constraine d ￿- equi li brium (RDE
￿
) for






























for eve r y c on sumer i 2 I
m
:
This de￿niti on s a ys th at at an RDE
￿
the re is o nl y binding ra ti on i ng on th e dem and si des




















for all i 2 I
m
an d j 2 I
n+ 1
, and
since there is no rationing on the m ark e t o f the n um eraire com m o dit y ,i t i s often useful to











. The s e t o f these rationing sc hem e si s denoted b y L,s o







, 8 j 2 I
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no consum er face sd e m an d rationing o n the n um erair e com m o dit y a nd con-
sum er i 2 I
m







. I n o r d er to
sho w the exi stence of an RDE
￿
the foll o wi ng l em m ag i v e s a result abou t t h e v al ue so ft h e
dem a nd if the pri ce of s om e com m odi t yi sr e lativ el yv e ry lo w. The le m m as a ys that for
ev ery cons um er i 2 I
m





for a n yt w o com m odi tie s j; k 2 I
n +1
is su￿ci en tly sm all , then the constra i ned dem and fo r c om m od i t y j e xcee ds the to tal i niti al
endo wm e n ts o f this com m o dit y if the dem an d c o nstrain tf or i ti se qua l to these total i niti al
endo wm e n ts. De￿ne L = fL 2 I R
n+1
+




; 8 j 2 I
n +1
g :
Le m m a2 . 4











r ) sa ti s fy the Assumptions A1- A3. Then for ev ery
i 2 I
m
ther e e xists a n umb er ￿
i
> 0 such that for al l j 2 I
n+1







for ev ery (p; L
i
) 2 I R
n +1
+
















Supp ose tha t there ex ists a c o nsum e r i 2 I
m
for whi c h the lem m a do es not hold. T he n
without loss of generali t y there e xists a com m odi t y j 2 I
n+1






r 2 I N
o f p r i c es a nd rati on i ng s c hem e si nI R
n +1
+































. B ecaus e of t h e hom og e neit y of de-
gree zero of the dem a nd func tion w em a y a ssum ew i tho ut loss o f g e neralit y that for an y
























s 2 I N
con v erging







￿ L ￿ I R
n +1
+


















= 1 and there is no rationing on the supply , the dem a nd fun c tion is co n tin uous
at (p; L
i









). Sinc e p
j





, it foll o ws f ro m the m ono t o nic it y of the pref er-

























r ) , let the n um be rs ￿
i
, i 2 I
m
,b es o s m all that














Then ￿ corresp onds to a price l ev el in the econom y whic hi ss ol o w that under the con di tions
of L e m m a 2.4 all con sum e rs a re dem anding net am oun ts of a l l real com m o diti es. This g i v es
us the ne xt theorem .
Theore m 2. 5











r ) satisfy the Assumptions A1- A3. Then for an y




In He rings [7] it is sho wn that under t he A s sum pti on s A 1- A 3 there exi sts for ev ery ￿> 0











2 L ; 8 i 2 I
m
: It re m ai ns
to b e sho w n that for ev ery ￿ 2 (0;￿ ] t h e r e is no rationing on the m ark e t of the n u-
m e ra i re c om m o dit y . Supp ose tha t fo r som e i 2 I
m






























, f or al l j 2 I
n +1











































= w . C on-
seque n tly L
￿i
j
i s bindi ng for e v e ry co nsum e r i 2 I
m












)i sad e m a nd-constra i ned ￿-e quil ibri um there is at l eas t o ne m ark et w i th-
out bi nd i ng rationing, and thi s sho ul d the refore b e m ar k et n + 1. Cons e quen tly ,f o r e v ery









) satis￿es al l requi rem e n ts o f an RDE
￿
. Q.E.D.
F rom the pro of o f Theorem 2.5 th e fo l lo wing coro l lary fo l lo ws im m ediatel y .{ 8 {
Corollary 2.6











r ) s a t i sfy the Assumptions A1-A3. Then , for an y




























= 0 for all j 2 I
n




F or a giv en ￿ 2 (0;￿ ], w e kno w from the pro of of Theorem 2 . 5 th at for e v e ry RDE
￿
wi th




p(￿ ) a nd rationing s c hem es L
￿i
it holds that L
￿i
j
is bindi ng for ev ery
i 2 I
m
an d ev ery j 2 I
n









for all i 2 I
m
and a l l j 2 I
n
.B ye q uil ibrium



























fo r all i 2 I
m
a nd for all j 2 I
n
. Q.E.D.
F or ￿ 2 (0 ;￿ ] t h e co rol lary sho ws the e xiste nce o f a trivi a l RDE
￿
in the sense that the
pric e ratio b et w e en the n um eraire a nd an y o ther com m odi t yb e c om es so hi g h that nob o dy
supp l ie s a no n-n um eraire c om m od i t y . Therefore an equi li br i um i s susta i ned b yz ero dem and
rationing o n the no n-n um e ra i re com m o diti es. In the se quel w e wil l sho w tha t t he re also
ex ists a pri ce lev el ￿
￿
and a c o rre spo nd i ng R DE
￿
￿
a t whic h there is no rationing o n the
m ark et o f b o th the n um e ra i re com m o dit y and at le a st o ne re al c om m od i t y .W e call the
latter e quil ibrium a pro p er dem a nd-cons traine de quil ibri um .
D e ￿ n i t i o n2 . 7 Prop er de m and-constrained eq ui li brium























) f o r s o m e￿ > 0 for the e c onomy E in which t h er e
e xi s t s a n o n - nume r a ir ec ommo dity k 2 I
n
such that for ev ery c onsumer i 2 I
m











T o pro v e the exi st e nce of a P DE w ed e riv ei n the next sec tion the tota l exc ess dem and
functi o n an d disc u ss its pro p erti es.
3 The to tal exc ess d em and function
In thi ss e ction w ec o nsi de r the b eha vi o ur of the total ex cess dem and functi on . I n t h e se quel
w e restri ct o ursel v e s to uniform rationing, i. e. , for som e L 2L , L
i
= L for e v e ry i 2 I
m
; and











)w i th L
￿
2L the uni fo rm rati on i ng s c hem e.
T o sho w the e xi st e nce of a PD E w er e late to an ye lem en to ft h e ( n + 1 )-dim ensiona l cub e
C
n +1
giv en b y C
n +1
= fq 2 I R
n+ 1
j 0 ￿ q
j
￿ 1 , fo r all j 2 I
n
, 0 ￿ q
n+ 1
< 1g a pri ce and
a rationing v ec to r. F or q 2 C
n+1
, the p ri ce l ev el
b
￿(q ) > 0 , the pric es y st e m
b




and the rationing s c hem e
b
L (q ) 2L a re de￿ne db y
b




; (1){ 9 {
b












, for al l j 2 I
n




(q ) = w
n+1
: (4)




















































. So, when q
j




(q )y iel ds no rationing on






L(q ) su stain a n RDE
b ￿( q )
.O f c o urse in e quil ibrium there




(q ) = w
n+ 1









(q ) as the cons t ra i ned budget s e t of co nsum e r i 2 I
m















































(q ) b e the b est el em e n tf or ￿
i




(q ) a nd de￿ne the to tal exc ess










( q ) ￿ w
i
) :





















)i sa nR D E
b ￿ ( q
￿
)










)=0 , corresp o ndi ng to the trivi a l RDE
￿
gi v e nb y
(
e



















)=0 an d q
￿
k
=1 f o r at l east one k 2 I
n






























an d henc e no rationing o n at l east
one n on-n um e ra i re com m odi t y . The foll o wi ng l em m a descri be ss o m e pro p erti es o f the tota l
ex cess de m and functi on
b
z :
Le m m a 3. 1











r) satisfy the Assumption s A 1 - A3. Then t h e total
ex c ess deman d fu nct io n
b
z is c o n tinu o us o n C
n+1
; for al l q 2 C
n+1






=0 ; and if q
j






(q ) ￿ 0:
Pro of
By the l em m ai nD r ￿ eze [5] (p. 30 4) i t follo ws that the budget corresp o ndenc ei sc o n tin uous
as a functi o n of (p; L ) 2 I R
n
+
￿f 1 g￿L using tha t p
n+1
= 1 and there i s no sup pl y rationing
on the m ar k et of the n um e ra i re c om m od i t y .U sing the c on ti n ui t y and stro ng c on v ex it yo f
the prefe rences a nd the m axim um theorem i t foll o ws that the tota l e xce s s dem and func tion
is con tin uo us at ev e ry p oin t( p; L) 2 I R
n
+





L in q it foll o w s that
b
z is a con ti n uou s functi on o n C
n +1
. The strong m onoto ni cit yo f{ 1 0 {







z (q )=0 :If q
j






























(q ) = 0: Q.E.D.
T o pro v e tha t there exi st s a poi n t q
￿
i n d u c i n g a PDE w e ￿ rst consider the b eha vi ou r o f
b
z on the b o undary o f the set C
n +1
. Observ e tha t when q =0 ; then ea c h cons um er w an ts
to sel l the n um eraire c om m o dit y a nd i s wil li ng to e xc h ange the n um e ra i re com m o dit y
ag ainst eac ho ft h eo t he rc om m od i ties. Ho w ev er, as l on g a s q
j
= 0 for all j 2 I
n
, n one of
the non-n um er ai re com m o diti es c an be bo ug h t. S o, the consum ers m ust k eep the ir i niti al
endo wm e n ts of th e n um eraire c om m od i t y a nd w eh a v ea n e quil ibri um . Once q
j
> 0f o r just
one index j 2 I
n
, dem and ra ti on i ng i s no long e r com ple te a nd the c o nsum ers w an tt ob u y








(q ) > 0 and there fo re
the e cono m yi s o ut of eq ui li brium .I n the foll o wi ng lem m a this reaso ni ng i sg e ne ra l iz ed to
the case tha t q
j
> 0 for at le as t on e j 2 I
n
.
L e m m a3 . 2





















(q ) > 0 if q
k











(q ) ￿ 0:
Pro of




















( q ) ￿ w
i
k
. S i n c eq
k


















L ) w i th
e









(q ); for all j 2 I
n













L ) > w
k
, a




(q ) > 0 if q
k
> 0 . F rom the con tin uit yo f
b





(q ) ￿ 0i f q
k
=0 . Q.E.D.
W en o ww an t to cons i der the b e ha viour of
b
z nea r the b o undary of C
n+1
wh e re q
n +1
=1 ,
i. e. ,w h e n the n um eraire c om m od i t yi sr e l at i v e ly v ery c hea p. T o do so, de￿ne the p ositi v e
n um be r ￿ b y
￿ = m i n f
1
2









Le m m a3 . 3




















(q ) > 0 :
Pro of
L e t an ar bi trary com m od i t y k 2 I
n
be gi v e n. I f q
n+1









































L ( q )) >w
n +1
; f o r all i 2 I
m










W e a r en o wa b l et o g i v e a cons truc tiv e pro o f of the e xistenc eo fa n a p p r ox im a te PDE b y
sho wi ng tha t the re e xists a piec ewise li ne a r o ne-m an i fo l d o f a ppro xi m ate z eros o f
b
z cor-
resp o ndi n g to a ppro xi m ate RDE
￿
’s c o nnec ting q =0 ; c o r r e s p o ndi n g to the triv ial RDE
￿
;




z on the b o undary o f C
n+1




at l east one j 2 I
n
. S uc h a p o i n t q
￿
i ndu c es a n a ppro x im ate PDE . In Secti on 7 w ew i ll
sho w the e xistenc eo faP D Eb y consideri ng the l im i to fas e q uence o f a ppro xi m ate P DE’s.
4 Appro x im ate constraine de quilib ria
In this secti on at t e n tion i s fo cused on appro xim a te constra i ned eq uili bria. I n the foll o wing
de￿nit ion an appro xi m ate RDE
￿
, for ￿ > 0, and an a ppro xi m ate PD E a r ed e ￿ned.
De￿ni tion 4. 1 "-R DE
￿
and "-PDE
F or a g ive n pric e le vel ￿> 0 a n dar e al n umb er " ￿ 0 ; an "-R DE
￿
(" - PD E) for the











r ) is a pr ic e syste m ,ar ationin g sche m e , and c onsumption





) s u ch that al l c on di t ions of an R DE
￿
(PD E) ar e satis￿e d, ex c ept the









In order to sho w the ex istence o f a path of "-RDE
￿
’s connecti ng the triv ial RDE
￿
and
an "-P DE for a rbi trary "> 0 ; w ew i ll u se s om e tec hnique s of sim pli cial a ppro xi m ation
of functi on s. This a pproa c hi s also used i nH eri ng s [ 8 ] and v an der La an [ 1 1]. F or gi v e n
t 2 I N ; 0 ￿ t ￿ k; a t -di m ensional s i m ple xo rt -sim pl ex is de￿ned a s th e c on v ex h ul lo f















a re call ed the v ertic es o f ￿ : A( t ￿ 1 )-sim pl ex ￿















)i s c al le d the fa c et of ￿ opp osite to the v e rtex q
h
: F or
0 ￿ j ￿ t; a j -s i m ple xb e i n g the con v ex h ull o f j +1 v e rtice so f at -s i m pl ex ￿ i s call ed a
face of ￿ : A ￿nite col lec tion T of k -s i m pli ces is a triangu l ation of a com pact su bset S of
so m e Eucli dean spa c e if:
1. S is the union of a l l sim plic es in T ;
2. The in tersecti o n of t w os i m pli ces in T is ei ther em pt yo ra c om m on face of b oth.{ 1 2 {
It ca n b e sho wn tha t eac h face t ￿ of a k - sim ple x ￿ 2T ei ther li es i n th e rel at i v e b ounda ry
of S a nd i s only a fa c et o f ￿ o r it is a face to fe x ac tly o ne other k -sim plex in T : The m esh
of a triang ul at i on T i s de￿ned b ym esh(T )=m ax
￿ 2 T










q 2 ￿ g :
I n t hi s sec tion the set C
n+1
￿




￿ 1 ￿ ￿ g wil lb et r i a ngulated.
An ex am ple of a tri a ngulation of C
n +1
￿
wi th a rbi tra ri ly sm al lm esh size is o btained b y




obta i ned as fo l lo ws. F or k 2 I
n
; le t e
k









=0 ; for a l l j 2 I
n+1
nf k g ; and l et e
n+1









=0 ; for a l l j 2 I
n




grid siz e r
￿ 1















i s a m ulti ple o f r
￿ 1





is a m ulti ple of (1 ￿ ￿ )r
￿1
; ￿ = (￿
1
; : : : ;￿
n + 1
)
is a p erm uta ti o n o f the el em e n ts of I
n+1












m e sh s iz eo ft h eK -triang ul at i on of C
n+1
￿

















g] ,i . e. , the l as t c om p onen t for whic h the total ex cess dem an d a t q is m i nim al .L e t
s o m e t r i a ng ul at i on T of C
n+ 1
￿
b e giv en. N o w a pro cedure i s used whic h starts at q =0 a n d
g e n e r a t e s a seq uence of sim plic es o f v aryi ng di m ension b e ing f ac es o f sim pli ces in T : F or
a sim pl ex ￿ (q
1
; : : : ; q
t+1




= 0 for ev ery
q 2 ￿ o r j 2 ￿(fq
1
; : : : ; q
t +1




(q ) ￿ 0 fo r ev ery q 2 ￿ b y Lem m a 3.1






) ￿ 0f o rav e rtex q
i
of ￿ with ￿(q
i
)=j b y
the d e ￿nition of the lab e ll ing function ￿ a nd the fact that
b
z satis￿es W alras’ l a w . It wi ll
b e sho wn b el o w that the s e prop e rties g uaran tee that for a p o i n t q in s uc ha s i m pl ex
b
z (q )
is app ro x im a tel yz e ro . Tw o s ubseq ue n t sim pl ic es i n the sequenc e eithe r s hare a c om m on
facet , or on e si m pl ex i s a facet of the other. Suc h sim pl ic es a r es a i d to b e adja c en t. T he
pro c edure used i sc losely rel at e d to the o ne g i v e ni nv an der La an [11] and is descri be d
b e l o w . De￿ne fo r J ￿ I
n +1
the sets








T( J ) = f ￿\ A ( J ) j ￿ 2T and di m (￿ \ A( J )) = j J jg;
with jJ j denoting the n um be ro fe lem en ts o f the set J : It can b e sho wn that T (J )i sa
tri a ngulation o f A (J ): De no te th e pa rt of the b o undary of C
n+1
￿
wh e re so m e com pon e n to f















=1 ￿ ￿ g :
In the de sc ripti o n o f the pro c edure g i v e n b elo w, ￿
j
wil l denote a si m ple x and q
i
av ertex
generated b y the pro cedure. J
k
i s a s ubset of lab e ls o f I
n +1
generated b y the pro cedure and
induce s a set A (J
k
) and a triangu l at ion T (J
k
) in whic h the pro ce du re generates si m pli ces.
Giv en a set S ￿ I R
k
; co(S ) denotes the con v ex h ull of the s e t S: T he pro c edure op era t es
as foll o ws .{ 1 3 {
P ro cedure








= ; ;i = j = k =1 : Go to Step 1 .
Step 1. I f ￿ (q
i
) = 2 J
k
; then g o to Step 3 . Otherwise there i s a uni que v e rtex q of ￿
j
suc h
that q 6= q
i
an d ￿ ( q )= ￿ ( q
i
) : Go to Ste p2 .
Step 2 . L e t ￿ b e the facet o f ￿
j
op pos i te q: If there e xists h 2 J
k
suc h that ￿ ￿ A(J
k
nf h g ) ;
t h e n g o t o St e p4 . If ￿ ￿ C
n+1
￿
; t h e n s t o p. Otherwise there is a u ni que p oin t
q
i+1
2 A ( J
k
) suc h that ￿
j +1
=c o ( ￿ [f q
i +1







Inc reas e t he v al ue so f i an d j b y 1. Go to Step 1 .




[ f ￿ (q
i
)g : T he re is a uni que p oin t q
i+1
2 A ( J
k+1
) s u c h t hat
￿
j +1




g )i sa( t + 1)-s i m ple xo fT ( J
k +1
): I nc rease the v alues o f i; j; k ; t
b y 1. G o to Step 1.
Step 4. L et q b e the unique v ertex of ￿
j





n fhg : De￿ne ￿
j +1
= ￿ : Incre a se the v alues o f j and k b y 1 and decre a se the v alue
of t b y 1. Let q b e the el em e n t q : Go to Step 2 .























































































F igure 1 : Il lustration of the pro ce dure; n =1 ;r =3 :
sim pl ex ￿
1




Af ter the sta r ting sim pl ex f0g the pro ce dure gene ra te s a 1 -sim plex i n A(f2g): Then t w o
adja c en t 2- sim pli ces in A(f1; 2g) a re gene ra te d. Subseque n tly ,t w o a djacen t 1-sim pl ic es
in A(f1g) are o btaine d , foll o w ed b ye igh t adjacen t 2 -sim pli ces i n A(f 1 ; 2g): Finall yt w o{ 1 4 {
adja c en t 1-s i m pli ce si n A ( f 2 g ) are generated, wi th the last sim pl ex ha v ing th e facet det er-
m i ned i n Step 2 in the set C
n+1
￿
: I t i s e as i ly v eri￿e d tha t the p rop ertie so fat r i a ngulation
gua ran tee that eac h step in the pro ce dure is feas i ble and uni que.
De￿ni tion 4. 2 J -com plet eness
L et J ￿ I
n+1












g )= J :
A J - c o m plete s i m ple x ￿ in A (J ) a nd a J -com ple te sim pl ex ￿ i n A (J ) are sai d to b e adjacen t
com pl ete sim plic es if ei ther J = J and ￿ and ￿ ar e bot h face ts of a sa m e sim pl ex ￿ i n
T (J ); o ri f￿ is a facet of ￿ and ￿ is a sim pl ex i n A(J ); or i f ￿ i s a face to f￿ and ￿ i sa
sim pl ex in A( J ): It is e a sil yv eri ￿ed tha t if t w os i m pli ces ￿
j
2T ( J ) and ￿
j +1
2T ( J )a r e






i sa( J [ J ) -com pl ete sim plex




;: :: b e the sequenc eo fs i m pl ic es g e nerated b y the pro c edure and










,f or j ￿ 1 , of com pl ete sim pl ic es
generated b y th e pro ce du re . Then subsequen ts i m pl ice si n the latter seq uence a re adjacen t




T (J ) the pro c edure te rm i n ates i n Step 2 with a sim plex ha ving, for so m e J ￿ I
n +1
,
a J -co m plet ef a c et in C
n+ 1
￿
.T o pro v e thi s, w e ￿rst giv e the nex tl em m a.
L e m m a4 . 3
L e t a t ria n gul ation T of C
n +1
￿





b e giv en. L et ￿ b ea
J -c omplet e sim pl ex in A(J ) for some J ￿ I
n +1
. Then ￿ has ex a c tly one adjac en t c omple te
simplex if ￿ = f0g or if ￿ l ies in C
n+1
￿
. Otherwise , ￿ has tw o adjac en t c om pl ete simplic es .
Pro of




= f0g.T h i si saJ -com pl ete si m ple xi nA ( J ) if and
only if J = f￿(0)g: Since T (f￿(0)g)i s a triang ul at i on o f A ( f ￿ (0)g)a n d￿
1
is a face ti n
the b ounda ry o f A(f￿ (0 )g); ther ei s a unique 1- sim ple x ￿
2
= ￿ (0;q )i n A ( f ￿ (0)g) suc h
that ￿
1
i s a facet o f ￿
2
. Either ￿(q )=￿ (0)a n d￿
2
= f q gis a f￿(0 ) g-c om plete s i m pl ex i n
A(f ￿(0 )g); or ￿ (q ) 6= ￿(0 )a n d￿
2
is a f￿(0 ) ;￿ ( q ) g -c om pl ete sim plex ￿
2
in A(f￿(0);￿ ( q ) g ).
He nce ￿
1
has e xactly one ad j ac e n t com ple te sim pl ex.
Sec o ndly ,l et ￿
￿




)b eJ -c om plete in A (J )w i th jJ j = t, whil e ￿
￿






l ie si nt h e b o undary of C
n +1
￿
a nd the refore i n the rel at i v e b o undary of A (J ):
It is e as i ly s ho wn that ￿
￿
c a nnot li ei n A ( J
0
) for a prop e r subs e t J
0
of J : Sinc e T (J )i sa






)i n T ( J )c o n ta i ning ￿
￿
as a f ac e t. Either ￿(q
t +1
) 2 J an d ￿
￿
has a uni que J -com ple te face ti nA ( J ) not e qua l to
￿
￿
; or ￿ (q
t+1
) 62 J an d ￿
￿
is a J [f ￿ ( q
t +1
) g -com ple te si m ple xi nA ( J [f ￿ ( q
t +1
) g ) : Since
￿
￿
do es no t lie in A (J
0
) f or an y pro p er subset J
0
of J thi ss h o ws tha t ￿
￿
has e xactly o ne{ 1 5 {
adja c en t com pl ete sim pl ex.
No w le t ￿ (q
1
; : : : ; q
t
) b e a J - c om plete si m ple xi nA ( J ) with jJ j = t; ￿ 6= f 0 g; and ￿
not b ei ng a s ubset of C
n+ 1
￿




a uniq uely dete rm i ne d prop e r subset of J or ￿ li es i n the rel at i v ei n teri or of A (J ): I f ￿
li es i n the re lativ e b oun dary A(J
0
)o fA ( J ) ; then, b y the prop ertie s o f a triang ul at i on ,




)i nT ( J )h a vi ng ￿ as a facet. A si n the pre vious
para gra ph, eithe r ￿ is J [f ￿ ( q
t + 1
) g -c om plete in A(J [f ￿ ( q
t + 1
) g )o r￿ ha s a J -c om pl ete
facet ￿
0
6= ￿ in A (J ): This yie lds e xa c tly on e adja c en t com ple te s i m pl ex to ￿: Ex ac tly o ne
other a djace n t com ple te sim pl ex i s giv en b y the uniq ue J
0
-c om pl ete face to f ￿: H ence ￿ has
ex ac tly t w o a djace n t com pl ete si m pli ces. I f ￿ l ies i n the re lativ ei n teri or o f A ( J ) ; then b y
the prop e rtie so fat r i a ngulation there a re exactl yt w od i ￿e r en t sim pli ces i n T (J )c on ta i ning
￿ as a com m on fa c et, and as b e fo re thi sy iel ds e xa c tly t w o adjacen tc om pl ete si m pli ces to
￿ : It ise as i ly v e ri￿ed tha t there can not b e an y oth e r adja c en t com ple te s i m pl ice st o￿ .
Q. E. D.
Theore m 4. 4
L et a tria n gul ation T of C
n+1
￿





b e giv en. Then
the pr o c e dur e te r min a t es, afte r ge ner a t ing a ￿ nite nu m b e r of simplic es in [
J ￿ I
n+1
T (J ); in












; : : : b e the seq ue nce o f adja c en t com ple te s i m pli ce sg e nerated b y the pro c edure.
Eithe r the pro c edure te rm i na te s , after g e ne ra ti ng a ￿ni te n um b e ro fs i m pli ces, i n Step 2
with a t-sim plex in A (J )h a vi ng a J -c om pl ete fa c et i n A(J ) \ C
n+ 1
￿
; or due to the ￿ni teness
of the n um b e ro fs i m plic es i n [
J ￿I
n+1
T (J ); a fte r a ￿nite n um b er o f ste ps a J -c om pl ete
sim pl ex i n A(J )i s generated wh i c h already ha s b ee n generated b e fo re .H o w e v e r, a pply ing
the w el l-kno wn do o r-in-do or-o ut princi ple of Lem k e and Ho wson [ 1 7] (see a l so Scarf [ 22 ] )
it follo ws from L e m m a 4.3 that e ac h J -c om plete sim pl ex in A(J ) can b e v isite da t m ost
once. He nce the pro ce dure m ust term inate. Q.E.D.
So g i v e na n y triang ul at i on o f C
n+1
￿
the pro cedure g ene ra te s a ￿nite n um be r, sa y M ,o f
adja c en ts i m pli ces ￿
1
, ::: , ￿
M
an d a c o rre spo nd i ng se quence o f a djace n t com pl ete f ac e ts
￿
1















= f0 g and i n duc es
the tri vial RDE
￿
with z ero de m and rationing o n all no n-n um e ra i re com m o diti es. I n the





; at an y poi n t q i na n ys i m ple x gene ra te db y the pro cedure can b e m a de a rbi tra ri ly
sm all b yt a k ing the m esh si ze of the tri a ngulation s m al l enoug h.{ 1 6 {
Theore m4 . 5











r ) s a t i s fy the Assumptions A1- A3. Then for ev ery
">0 , the r ee x i st s ￿> 0 su ch t ha t f o r ev er yt r iang ulation T with m esh(T ) ￿ ￿ , for ev ery






Let ￿ be a n y sim plex gene ra te db y the pro cedure and tak ea n y p oin t q
0
in ￿ .F or s om e
J ￿ I
n+1




.I t wil lb e
s h o w n that n +1 2 J : Supp os e no t, the n q
n+ 1
= 0; fo r all q 2 ￿: By L em m a3 . 2i th o l ds








) ￿ 0; for all j 2 I
n
















) ￿ 0 : So ￿(q
h
) = n +1 ; a con trad i cti on wi th n +1 62 J : M or e o v er, for
ev ery k 2 J the re ex ists s om ev e rtex q
h






) ￿ 0 : If k 2 I
n+1
n J = I
n
n J ;
t h e n f or e v ery q 2 ￿ , q
k




(q ) ￿ 0 : Cons e quen t ly ,f o r e v ery
j 2 I
n +1

















". Si nc e
b
z
is a con tin u ous function o n a com pa c ts e tC
n +1
￿






























) ￿ " ￿ "; fora l lk 2 I
n + 1









) = 0 it holds for
























































The ne xt c o roll ary foll o ws im m edi at e ly from the fact tha t
b
z (0)= 0 : T he coroll ar y i m pli es
that i niti al ly only the pric el e v e l is incre a sed.
Corollary 4.6




























) s atis￿es a l l pro p erti es
of a n "-RDE
b ￿ (q )
,e xce p t po ss i bl y the req uirem en t that dem and rati on i n g on the n um eraire






; for ev ery
q 2 C
n+1
































; an d an " -RDE
b ￿(q )











=1 f o r so m e j 2 I
n














= 1 fo r s om e j 2 I
n






; for ev ery q 2 C
n+1












im pl ie s(
b
p ( q ) ;
b




( q ) g
m
i =1
)i sa n " -PDE .{ 1 7 {
Theore m4 . 7











r ) s a t i s fy the Assumptions A1- A3. Then for ev ery












(￿ ( 0 ))g
m
i=1

























) is an "-RDE
b ￿( ￿ ( t))
.
Pro of
Without l o ss o f generali t yt a k e"<
b
": C hoos e ￿ as i n Th e or e m4 . 5 a nd cons i der the s e quence
￿
1
; : : :;￿
M
o f a djacen t com pl ete sim pl ic es obta i ned b y using the pro ce dure. Ea c h sim plex
in this se quence i s J -com pl ete in A(J ) for som e J ￿ I
n +1





barycen tre of ￿
j
: Clearl y , b
1
= 0 : Since for ev ery j 2 I
M ￿1





e qua l s ￿
j +1
a nd a sim pl ex i sc o n v e x, i th o l ds that con v ex c om binations o f the




are ele m en ts of ￿
j +1




￿( t )=( 1 ￿ Nt + b Nt c ) b
b Nt c +1
+( Nt ￿b Nt c ) b
b Nt c +2
; for al l t 2 [ 0 ; 1] ;
where br c de n otes f or an y real n um be r r the greatest i n teger less than or equal to r : No-




c a n b e ta k en eq ua l to an arbitrary v ector. Cle ar l y ,
￿ i s a con tin u ous, pi ece wise l inear functi on , ￿ (0) yi el ds the triv ial RDE
￿
, a nd for all
t 2 [0; 1] ;￿ ( t )i nduces a n "-RDE
b ￿(￿ (t) )
. It rem ai ns to b e v eri ￿e d that ￿ (1) induce sa n





: Clearly ￿ (1) 2 C
n+1
￿
; so it is su￿ci en t to sho w that
￿
n+1
(1 ) < 1 ￿ ￿ : Supp ose ￿
n+1









(1 ) = b
M
; b eing the ba ry cen tre of ￿
M





=1 ￿ ￿ and






) > 0 ; so ￿(q
j
) 6= n + 1 . But then ￿
M
is J -com pl ete i n A (J ) for
so m e J no t c on tai ni ng n +1 , i m pl yi ng q
j
n+ 1
=0 ; fo r all j 2 I
t
; a con trad i cti on . Q.E.D.
T o concl ude th i s sec tion w e s hortly c o nside r the path ￿ ([0; 1]) connecti ng the triv ial eq ui -
l i brium p o i n t b
1
= ￿ ( 0 )=0 w i th the end p oin t b
M
= ￿ ( 1 ) corresp onding to a n "-PD E.
W e m a y consider thi s path as a pro ce ss i nw h i c h, g i v en ￿x ed rel at i v e price s
e
r of the re al
com m o diti es, the pric e lev el ￿ a nd the r at i on i ng sc hem e L are a djusted from the tri vi al
eq ui li brium v alues ￿ = ￿ an d L =0 to v al ue s ￿ =
b
￿ ( ￿ (1)) a nd L =
b
L(￿ (1)) corresp onding
to an "-PDE . Starting at th e p o i n t q =0 ,i tf o l lo ws from L e m m a 3.2 th at ra i si ng the v al ues
of so m e o f the v ariables q
j
, j 2 I
n
,w i tho ut rai si ng the v al ue of q
n+1
leads to a diseq uil ib-
rium situation. This i s caus e db yt h el o w pri ce le v el ￿. So, according to Coro l lary 4.6 w e
￿rst ha v e to incre as e t he v alue of q
n +1
i n o rde r to incre a se the pric el ev e l. Cons e quen tl y ,
the path starts along the b o undary o f C
n +1
￿
a t whic h o nly the v alue of q
n+1
ri ses, i. e., only
the pric el e v el incre a ses. Be cau se of this incre a sing price l ev el the unconstra i ned dem and
for th e real com m o ditie sw i ll dec rease. C l early q
n +1
is prev en te d from i ncreasing to 1 ￿ ￿ ,{ 1 8 {
since w ek no w from Lem m a3 . 3 that the c o nsum ers ha v e a p ositi v ed e m and fo r the n u-
m e ra i rec om m o dit y for v alues of q
n+1
grea t er than o r e qua l to 1 ￿ ￿ : So th e re m ust b e
av al ue of q
n +1
at whic h a t least one consum er w ou l dl i k et o s e ll a t l east o ne o f the re al
c o m m o d iti es. A t this p oin t the pro c ess pro c eeds b y inc reas i ng the v al ue o f at least one of
the v ariables q
j
, j 2 I
n
. So , for the s e co m m od i tie s the dem a nd rationing i sr elaxed and
trade b ec om es p o ssibl ei n t he se c om m od i ties. When there are com m od i tie s with v e ry l o w
￿xed price s with re sp ec t to other c om m od i tie s , the v alue o f the v ariable q
j
corresp onding to
these com m o diti es wi ll not c ha nge at ￿rst a nd the rati on i n g o n these com m o ditie sr e m ai ns
eq u a lt oz e ro . Co n tin ui ng along the path, the rationing o n com m o dit y j be com es p ositi v e
as so on as for at l eas t one of the c o nsum e rs the dem and of co m m od i t y j be c om es l ess
than hi si niti a l endo wm en t o f that com m o dit y . Adjusti n g the pri ce l ev el and the rationing
sc he m e the ec o nom y rem ains a ppro xi m atel y in equi li brium . Pro ce eding a l o ng the pa th,





i s r e ac hed. F ro m Theorem 4.7 w e kno w tha t at thi se nd p oin t
the v al ue of a t least one v ar i ab l e q
j
, j 2 I
n
; i se q ua l to one a nd he nce b y a djusting the
pric el e v el a nd the ra t ion i ng sc hem ew eh a v ea c hi ev ed a n "-PD E.
5 L o n g -run path u nder price ￿ex ibilit y
The a djustm e n t pro cess desc rib ed i n the prev iou s secti o n can b e se en as sho r t- te rm a djust-
m e n t giv en ￿xed re lativ e pric es o f the real com m o diti es determ ined b y
e
r : In the short run
the relati v e price s are ￿xe d an d the m ar k ets m ust b e e quil ibrated b ym ea ns of ra ti on i ng .
With a f ree pric el e v el ,w eh a v e seen in the prev ious sec tion that in o rde r to o btain an
eq ui li brium it is s u￿ cie n tt o i m po se d e m an d r at i on i n g on at m os t n ￿ 1m ark e ts o f the n
real c om m od i ties. The real c om m od i t y whic h is not ra ti on e d ca nnot b e c hosen a p ri ori, but
foll o ws e x p o st fro m the a djustm en t pro c ess . F oll o wing the argum en t s o f e.g. v an d e r L aan
[12] it is also p o ssibl et o c ho o se this r ea l c om m od i t ye xa n te, b yi m p osing ei ther dem and
rationing o r supply rationing o n the o ther re a l com m o diti es. In general ,f o r￿ x ed rel at i v e
pric es b ut ￿ex ible pri ce l ev el, e quil ibri u m is obtained b y rationing o n n ￿ 1 non- n um eraire
m ark ets. T o reduce the n um be r o f r at i o ned m ark ets w e need m ore pri ce ￿exi bil it y , whic h
m a y b e ass um ed to o c cur in the l o nger run. In the l o nger run n ot on l y the pri ce le v e lm a y
a djus t,b u ta l so the r elativ e pric es of th e c om m od i ties. Thi s a djustm en t o f the rel at i v e
pric es will con ti n ue un ti l the e con om y reac hes a n app ro x im at e W alr a sian equi li brium i n
whic h the uncon straine d tota l ex cess dem a nd equals the tota l i niti a l endo wm e n ts. A w ell -
kno wn pric e adjustm en t pro ce ss i s the c las si cal W alrasian ta t o nnem en t pro cess. Starting
from the ini tial (short- te rm ) pri ces, t h e tato nnem en t p ro cess adjus ts at an y p oin t o n the
path the price s of the com m o diti es according to their exc ess dem a nd a t tha t p oin t. So ,
the ta t o nnem en t pro ce s s is a lo ca l adjustm en t pro cess i n the sense tha t at an yp o i n t only{ 1 9 {
the lo cal inform ation o f the tota l exc ess dem a nd at thi s poi n t is used. Th i sW alrasian
tato nnem en t pro c ess has t w o dra wba c ks.
First, the l o cal a djustm en to ft h e pric es do e s no t g uara n tee the c on v ergenc eo ft h e
p r o c e s s to the equi li brium v alues of the pric es. In Scarf [21] exam pl es o f e con om i es ha v e
b een giv en for wh i c ht he W al ra si a n pri ce adjus tm en t pro cess fails to con v erge to a n eq uil ib-
rium pri ce v e ctor. It ha s b ee n sho wn i n Sa ari [ 2 0] tha t an y p ro cess based on a ￿nite a m ou n t
of l o cal i nfo rm at i on m a y fail to con v erge g l o ball y . In v a n der L aan and T alm a n [13 , 14 ]
sev eral e￿ec tiv e adjus tm en t p ro cesses w ere presen te d. These e￿ e cti v ep r o cesses are bas e d
on path foll o wi ng tec hnique s kno wn from sim pl ici al a ppro xi m ation as has b e en i niti at e db y
Scarf [22] a nd ha v e the prop ert yo fg l o bal con v ergence fo r an y stand ard con ti n uo us tota l
ex cess de m and functi o n sa t isfyi ng W al ra s’ l a w. So, fro m an y starting p oin t these path
foll o wi ng pro c esses con v e rg e to an equi li br i um pri ce system fo r an y total ex cess dem and
functi o n an d th us so l v e the proble mo f l ac ko fc on v ergenc e.
T he sec o nd dra w bac k of the W al ra sian ta tonnem e n t p ro cess i s that supply and
dem a nd a re not i ne quil ibri um a s long a s the pro ce ss h as n ot ac hie v e de quil ibrium pri ces.
So, tra de m us t b e e xcl ud e du n ti l equi li brium ha s b ee nr e ac hed. A ta n yp o i n to nt h e
a d j u s t m e n t path ag e n ts a re supp osed to rev eal thei rd e m and and supply .B as e do nt h i s
i n f o r m a t i o n pric es a re a djusted. This pro c ess c on tin ue su n ti le quil ibri um is ac hi ev ed. T he n
trade t a k es pl ac e a t the m ark e tc learing p r ice s. A l so t he e ￿e ctiv e pro ce ss e s prop os e di n
v an de r L aa n and T al m an [13 ] s u￿er from thi s dra wbac k . Moreo v er, as ha s b een notice d
in V eendorp [ 2 3], the re lev an tm ark et s i g nals for an a djustm e n t p ro cess in a n ec o nom y
are bas e d o n the e ￿e ctiv ed e m an d asso ci at e dw i th a Dr ￿ ez ee q uili brium instead o f the
notiona l dem and used i n the ta tonnem e n t pro cesses descri be da b o v e. V ee ndo rp [ 23 ] gi v es
an a djustm e n t pro c ess w hi c h fol lo ws a path of cons trai ne d equi li bria. In this pro c ess
pric es a re a djusted as in the W al ra sian tato nnem en t pro cess, with notiona l exc ess dem and
repl a c ed b ye ￿e c tiv e exce ss dem and. Alt h ough a con v ergence pro of has b een g i v e n for a
m o del with three com m o diti es i n case the t o tal exc ess dem a nd function satis￿es a g ross
subs ti tuta bi li t y conditi o n (see [16] a nd [23 ] ), i n gene ra l the pro cess m igh t no t con v erge to a
W alras i an e q uil ibrium pri ce system and ev en c hao ti cb e ha viour m a y b e exp ecte d (se eD a y
and P i an i gian i [ 3] ). The p o ssibi li t yo fc hao ti c b eha vi o ur h as b een c o n￿rm e di n B ￿ ohm [ 2]
in a m or e c om pli cated m o del w i th o v erl a ppi ng generations, pro ducers, and a g o v ernm en t.
In thi s p ap er w e consider an alte rna ti v e a djustm e n t pro cess in whi c h an appro xim at e
W alras i an e q ui li brium is reac he d along a path of appro xi m at ee quil ibri a with ra ti on i ng .
A ta n y poi n t along the path o f th i s a djustm e n t pro c ess the constra i ned dem an d e qua l s
the supply a nd hence trad e is p o ssibl e. T hi s pro p ert ya l lo ws us to m ak et w oi n ter esting
in terpretations o f the a djustm e n t pro ce ss . I n the ￿rs t one ag e n ts en te r the m ark et eac hd a y
with the ir consta n t s to c ko fd a i ly i niti a l endo wm en ts (and with unc ha nging prefere nces).
Based on the previ o us pric es a nd rationing sc hem es, adjus tm en t of pric es a nd rationing{ 2 0 {
sc he m es ta k es pl ac e dail yi n suc haw a y tha t the e cono m ys t a y s in equi libri um ,i . e. ,a tt h e
p r e v a i l ing pri ces and rationing sc hem e so n e v ery m ark e t the cons t ra i ned dem a nd equals the
supp l y and tra de m a y tak ep l ace. Afte r tra de the a gen ts l ea v e the m ark et and c o nsum e
thei r v ector of c om m od i tie s. A t the next m ark e td a yt h e ye n ter the m ar k et a gain i n
p o ssession of their consta n ti niti a l endo wm en ts.
T he second i n terpre ta ti o n sta ys closer to the usua l in terpretation of a taton ne m en t
pro c ess . Based o n the to tal ex cess de m an d v ector price s are c hang e du n ti la W alrasian
eq ui li brium pric e system i s reac he d. This W alrasian eq uil ibrium pric e syste m sp eci ￿es
a pri ce fo r ev ery com m o dit y , b oth f o r presen t an d for future com m o diti es. During the
adjus tm en t o f the price s no trade ta k es pl ac e. As argued b yB lad [ 1] i ti s not su￿ci en t that
a ta tonnem e n t pro ce ss i s con v ergen t, the con v ergence should a l so b e considerably fast. I f
con v ergence is gu aran tee d, but tak es to o long , then at so m e poi n ti nt i m e tra de should tak e
place at a no n-W al ra si a n equi li brium pric es y st e m .I n the usu al tato nne m en t pro c edures, i t
is no t cl ear at all whi c ha l lo c at i on wil l result in s uc h a cas e . In the ta tonnem e n t pro cedure
prop os e di n thi s pap er at e v e ry p oin ti nt i m e a uniq uely sp eci ￿ed all o cati o n, com pa ti ble
with an eq uil ibrium wi th rationing is o btained.
G i v e n the v ec t o ro fi niti a l sho rt-term ￿xed relativ ep r ice s , th e pro c ess a djusts pric es
along a path of a ppro xi m ate equi li bria wi th rationing b yk e eping th e pri ce of a dem and-
constra i ned com m o dit y relativ el ye q u al to the pric el e v e l￿wh i le the pri ce of an y unra ti on e d
com m o dit yi sa l lo w ed to dec rease from the price le v e l ￿: Thi s re￿ects the na tural p rop ert y
kno wn as t he l a wo f d e m and that t h e pri ce ratio b et w een the pric es of a dem a nd-cons traine d
com m o dit y and a n u nrati o ned c om m od i t y s hould b e incre a sed. There fore, f o r giv en p r ice
le v e l ￿>0, le t the set of a dm i ss i ble pri ces P (￿ )b eg i v e nb y









, fo r all j 2 I
n
; a nd p
n+1
= 1 g :





, this v ariable wil l stil lb e c a l le d
the pri ce l ev el. Observ e that, fo r ￿ large enoug h, P (￿) con tains a n yW al ra si an e q uil ibrium




De￿ni tion 5. 1G e nerali zed real dem and-constraine d ￿-e quil ibri um
F or g ive n pr ic e l ev el ￿> 0 ,age nerali zed real dem a nd-c on st ra i ned ￿-eq uil ibrium
(GRDE
￿











r ) is a pr ic es y ste m p
￿
2 P (￿),a





and, for eve r yc onsumer i 2 I
m























= w;{ 2 1 {
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This de￿niti o n re￿e cts the sta ndard c o ndi tion i n the theory o f c o nstrained eq uil ibria tha t i n
eq ui li brium rati o ning on a m ark et m a y only o ccur i f the pric e cons trai n t is bindi n g. Cle ar l y ,
i n a GRDE
￿
w e ha v e tha t there i s no dem and rati on i ng on m ark et j 2 I
n
if the pric e p
j
of




. On the other hand, dem a nd rationing o n m ar k et j m a yo c c ur






: Obs e rv e
that c o ndi tion (i v) is s ati s￿ e d for a n y L
￿
2L . The next t w o facts fo l lo wi m m edi at e ly .
First, fora n y ￿> 0 , an R DE
￿
i s a G R D E
￿
. N o t i c e t h a ta ta n y RDE
￿
a situation
corresp o nding to c o ndi tion (ii i ) of De ￿niti o n 5.1 do es not o cc ur. Se co ndl y ,a n yW alrasian















the corresp onding W al ra sian equi li brium pri ce v ect or .
Co n v e rs e ly w eh a v e tha t a n y GRDE
￿









fo r a l l j 2 I
n
and for a l l i 2 I
m
.
In the rem ainder o f this secti o n atten tion is fo cused on a ppro xi m ate e quil ibri a.
Analogo usly to De￿ni tion 4 . 1 an a ppro x im ate GRDE
￿
for ￿>0 and an appro xi m ate WE
are de￿ned a s follo ws.
De￿ni tion 5. 2 "-GR DE
￿
and "-WE
F or a give n pr ic e l eve l ￿>0 and a r e al n umb er " ￿ 0 ; an "-GRDE
￿
( " - WE) for the











r ) is a pr ic e syste m ,ar ationin g sche m e , and c onsumption





) s u ch t h a t a l lc on d it io n so faG RDE
￿
(WE) ar e s at i s￿ e d, ex c ept that


















. A lso an y "-WE is a n "-G R DE
￿
f o rs o m e￿larg e eno ugh.
W e no wd e v e lop an a djustm en t pro c ess to ￿nd an "-WE b y follo wi ng a p ath of
"-GRDE
￿
’s. T he refore w e ext end the set C
n +1
￿
to the set D
n+1
￿




= f q 2 I R
n+ 1
j 0 ￿ q
n +1
￿ 1 ￿ ￿ ; 0 ￿ q
j
￿ 2; 8 j 2 I
n




￿ 1 g :





















=2 ; or q
j













￿ 1; 8 j 2 I
n























































































































































































to the s tr ip ed area. F or an y
v ector q 2 D
n+ 1
￿
, the pric el e v e l
b
￿ ( q ) > 0, the pri ce system
b
p (q ) 2 I R
n+ 1
++
; and the dem and
rationing sc hem e
b
L(q ) 2L are de￿ned b y
b




































(q ) = w
n+1
: (9)



















fo r ev ery j 2 I
n
: He nce,
de￿ning for a n y q 2 D
n+1
￿








( q ), 8 i 2 I
m
; and the tota l
ex cess dem and
b























)i sa n" - GRDE
￿




￿ " (and h e nce a GRDE
￿
i f
" = 0 ). Moreo v er w eh a v e the fo l lo wing coro l lary .{ 2 3 {
Corollary 5.3


















": Then an y "-GR DE





















L (q )=w and henc e the ra ti on i ng constra i n ts a re non- bi nding. Q.E.D.
It i s easil yv e ri￿ed tha t Lem m a 3.1 sti ll holds un de r the A ss um pt i on s A1-A3 f o r the tota l







: The foll o wi ng l em m a s con si der the b eha v iour
of
b




Le m m a 5. 4























( q ) ￿ 0:
Pro of





= 0 and fo r som e k 2 I
n




(q ) < 0 :






















p ( q ) ;
e
L ) wi th
e








(q ); fo r all j 2 I
n





























p ( q ) ;
e
L ) > w
k
; a c on tra di cti on .
Q . E. D .
L e m m a5 . 5





















( q ) > 0:
P r oo f
B y d e ￿n i tion o f D
n+1
￿




￿ 1: So q
n +1












































(q ) > (m ￿ 1) w
n+1
￿ 0 . Q.E.D.
Le m m a5 . 6











r ) satisfy the A s su m pt i on s A1-A 3 .T h e n, for ev ery
j 2 I
n




(q ) > 0 at an y q 2 D
n+1
￿
















>0. F rom the m on otonici t y of pre ferenc es i t




(q ) > 0: Q.E.D.
W e are no w able to sho w , for ev ery ">0 ; the e xistenc eo fap a t ho f" -G RDE
￿
’ sl eading
from the triv ial RDE
￿
to an "-WE.{ 2 4 {
Theore m5 . 7











r ) s a t i sfy the A ss um pt io n s A 1-A3. The n, for















) is the tr iv ial R DE
￿
, for al l t 2 [ 0 ; 1]; (
b









) is an "-G RDE
b ￿ (￿ ( t))
and (
b









) is a n "-
WE.
Pro of
Without loss o f g ene ra l it y tak e "<
b
" : C o nside r a tri an gulati on T of D
n +1
￿
; fo r e xam ple










( q ) j j 2 I
n +1
g ] . I t i s t he n p os si bl et o
ex tend the pro ce d ure giv en i n Sect ion 4 to the set D
n+1
￿
: De￿ne fo r ev ery J ￿ I
n +1
the
set A (J )b yA ( J )=f q 2D
n + 1
￿




=0 gand the c ol lec tion T (J )
b y T (J )=f ￿ \ A ( J )j￿ 2T a nd dim (￿ \ A(J )) = jJ jg: The only m o di￿cati on of t h e
pro c edure ta k es pl ac e in Ste p 2, where no w term ination tak e s place i f ￿ ￿ D
n+1
￿
: Aga i n
eac h step in the pro c edure i s feasible b y the prop e rties of a tri a ngulation, a nd usi ng the
pro of of Theorem 4 . 4 it can b e sho w n tha t th e pro c edure te rm i na tes, after g e nerating
a ￿nite n um b e ro fs i m pli ces i n [
J ￿ I
n+1
T (J ) with J -com ple te facets i n A(J ); i n Step 2
with a si m ple xh a ving a J -c om plete f ac et in A(J ) \ D
n+1
￿
fo r som e J ￿ I
n +1
: Then using




) i saJ -
c o m pl ete f ac e ti nA ( J ) gene ra te db y the p ro cedure , then for ev ery k 2 J there exi sts s om e
v ertex q
h










(q ) ￿ 0
fore v ery k 2 I
n +1
n J = I
n















z isac o n tin uous
functi o n on a com pact set D
n +1
￿
























￿ ". L et q
0
b e a n arbitrary ele m en t
of ￿ (q
1
; : : : ; q
t






) ￿ " ￿ "; fo r all k 2 I
n+1
: C on s i de r












; the n q
0
k

























































of sim pl ic es g e nerated b y the pro c edure whi c h are J -
com pl ete i n A (J ) for so m e J ￿ I
n+1
an d l e t b
j
de no te th e ba ryc en tre o f ￿
j
: Le t N = M ￿ 1




￿( t )=( 1 ￿ Nt + b Nt c ) b
b Nt c +1
+( Nt ￿b Nt c ) b
b Nt c +2
; for al l t 2 [ 0 ; 1] :
Then for e v e ry t 2 [ 0; 1] ;￿ ( t ) induces an " - GRDE
b ￿(￿ (t) )
. I t wil lb es h o wn t ha t ￿(1)





: Since the pro ce du re term i -






)i nA ( J ) \ D
n +1
￿
i th o l d s that





: Supp ose b
M
n +1
=1 ￿ ￿ : Then n +1 2 J an d q
h
n +1
=1 ￿ ￿ ; fo r all h 2 I
t
: By{ 2 5 {






) > 0 and so ￿(q
h
) 6= n +1 ; for all h 2 I
t
; a con tradic tion w i th n +1 2 J
a n d ￿
M
b e i n g a J -com ple te s i m ple xi n A ( J ) :Supp ose b
M
k
= 2 for som e k 2 I
n




=2 ; fo r all h 2 I
t






) > 0a n d s o ￿ ( q
h
)6 =k; for al l h 2 I
t
;







. Q . E . D .
6 T h e a d j u s tm en t pro c ess to a W alrasian eq uilib-
riu m
In this sec tion w e cons i der the ad j u stm en tp r o cess i ndu c ed b y foll o wing the path of ap-
pro xi m ate eq uil ibria. A sw eh a v es e en in S e cti o n 4, the pa th ￿rst pro cee ds fro m the tri vi al
RDE
￿
to an "-PDE . A t this p oin t q
j
=1h o l ds for a t le as t on e j 2 I
n
,i m plyi ng that
at l east one real com m o dit y is no t rationed. Th e n the pro cess co n tin ue sb yk ee ping the
rel at i v e pric es o f t h e ra ti on e d com m o ditie sm axim al an d b ya l lo wing a decre m en to ft h e
r e l a t i v e p r i c eo f the unra ti on e d com m o dit yb yi ncreasing the corresp o nding v alue of the
v ariable q
j
. Co n tin ui ng w e ha v e that i n order to k e ep to tal ex cess dem and e qual to z ero the
pro c ess adjusts si m ul ta ne o usly th e price s o f the unrationed com m o diti es (corresp o nding to
the indi ces j with q
j
> 1) b el o w thei rr e lativ e u pp er b ound, the pri ce lev el
b
￿(q ), and the
rationing sc hem e s of the com m o diti es w i th price s sti ll on their re lativ e upp e r b oun d. A s
so on a s for so m e j 2 I
n
the v al ue of q
j
inc reas e s to one the corresp onding regim es w i tc hes
from rationing a djustm e n t under ￿xed re lativ e pric e to price a djustm e n t without ra ti on i ng ,
whil e the re v e rs e ha pp ens if the v alue of q
j
b ec o m es equal to one from a b o v e .F inall y , the
pro c ess reac he sap o i n ti n w h i c ha l lv al ues of q
j
, j 2 I
n
, a re equal too r g r e at e r than one and
hence a W al ra sian e quil ibri um i s obta i ned. A t ypic al e x am ple of the pro ce ss is il lustra te d




)-sp ace . Initi al ly
only the v al ue o f q
3
incre a ses. This m eans tha t the pro jecti o n do es no t c hang e and re m ai ns




)-spa c e. Supp o se next tha t a c o nsum e r sta rts t o supply
com m o dit y 1. Then also the v al ue of q
1
starts to incre a se. So , the p ro je cti o n go e s fro m 0
in the d i rec tion of the p oi n tA ,g e nera t ing "-RDE
b ￿(q )
’ sb y rel a x ing the cons t ra i n to nt h e
dem a n do fc o m m o dit y1a c cording to the v al ue of q
1
an d c hang i n g the price le v el accord-
ing to q
3
.A t p oin t A al so the v al ue of q
2
b ecom e s p os i tiv e, i n duc ing a non- z ero dem and
constra i n to nc o m m o dit y2 . A t p oin t B the pa th reac he sa n" - PDE w i th no ra ti on i ng on
com m o dit y 1. Then the pa th con tin ue s with v alue so f q
1
ab o v e one. This part of th e path
induce s "-G RDE
b ￿( q )
’s i nw h i c hf o rc om m od i t y 1 a situation corresp o nding with c o ndi tion
(ii i) of D e ￿niti on 5. 1 o ccurs, i. e., no r at i on i n g o n the dem a n do fc o m m od i t y1 ,w h i le the
pric e of this com m o dit yi s b e lo w the m axi m um v al ue at th e curren t price lev el .T h i sl ev el
is sti ll determ ined b y the v al ue of q
3
.A t the p o i n t C as e cond "-P DE i s rea c hed. F ro m{ 2 6 {
Fi g ure 3: Il lustra ti o n of th e a djustm e n t p ath; n =2 :
t h i s p o i n t t h e p a th induce s ag ain "-RD E
b ￿ (q )
’ s with ra ti o ni ng on b o t h c om m od i ties, u n til
p o i n t D is reac he dw i th q
2
= 1 . F ro m t h i s p oin t the path induces "-GRD E
b ￿ (q )
’ s with no
rationing o n com m o dit y2u n t i l at poi n t W the pro cess a c hie v e sa n " -WE . Notic e that
along the path i nitial ly the v alue of q
3
i ncreases. H o w ev er, i ng e neral it i s not gua ran tee d
that this v alue inc reas e sm ono tonic al ly .A l o ng som e p arts of the pa th it i s p ossible that
the v alue of the v ar i ab l e q
3
de term i ning the price lev el w i ll d e crease in order to k ee p the
tota l e xce s s dem a nd equal to z ero.
Using the d e ￿nition of
b









)- space. Notic e tha t p
3
=1 i s ￿xe d. There fo re
w e ￿rst cons i der Fi g ure 4. Assum i n g tha t the re is no rationing o n the m ark et o f the
n um era i re co m m od i t y ,i n Figure 4 w eh a v e dra wn the se v er a l ra t ion i ng regim e sa c cording




. Th e p o in t W
0
deno te st h eW alrasian equi libri um v alue s of the
pric es. Thec urv e s g oing throug h thi s p oin t separa te the di ￿e ren tr e gi m e so f r a t i on i ng .




are ra ther hi g h a nd sup pl yr a t i on i ng on





)i sr a t h e rl o w a nd the refore dem and rationing on m ark et 2 (m ar k et 1) and supply
rationing on m ar k et 1 (m ar k et 2) i s nee ded. A t a poi n t in Region I dem an d r at ion i ng on
bot h m ark e ts is n e cessary .A t the i n tersec tion of t w o regions w e nee d only rationing on
one o f the m ar k ets, for i nsta nce dem and rati o ning o n m ark et 2 at p oin t V .A t this p oin t{ 2 7 {
F igure 4 : The pa rti tion o f the pric e sp ace i nd i sequi libri um regim es; n =2 :
m a r k e t 1 s w i t c h e s from de m and rationing in Region I to s upply rationing i nR e gi on II .
O f c ou r s e , a t p o in t W
0
the m ark ets are eq uil ibrated without rationing . T he regions a re
dra wn aga i ni n Figure 5. In this ￿g ure the straigh tl i ne le a ving the o r igin represen ts the
ini tiall y ￿xe d rel at i v e price so ft h e no n-n um eraire c om m od i tie s. A ta n y p oin t o n thi sl ine






, j =1 ; 2 , for so m e pri ce le v e l ￿>0. P oin t O r e￿ects th e pric el ev el
￿.A t thi s p oin t the trivi al eq uili brium is o btaine dw i th ze ro dem a nd rationing on b oth
com m o diti es.
T ra nslating Figure 3 to Fi g ure 5 the path s tarts at this p oin t O .I ncreasing the v alue
of q
3
c o rre sp ond s wi th an inc reas e o f th e pric el e v e l and h e nce i n Figure 5 the path g o es
up w ards a l o ng the ra y of ￿xed rel ativ e pric es, un ti la tt h e p o i n tO
0
som ec o nsum er starts
to supp l yc om m od i t y 1 . Thi s p oin t stil lc o rre s p ond s w i th the p oin t0in Figure 3 ,b e caus e
this latter p o i n t is the pro jecti o n of t h e part o f the path al o ng whi c ho n l yq
3
i ncreases. A t
the p oi n t O
0
the zero dem and rationing is re laxed b y all o wi ng that q
1
be c om e s po si tiv e.




i nF i gu re 5 . The path
from 0 to A sho w s tha t the dem a nd rationing on com m odi t y 1 is relaxe d from z ero , w hi le




sho w s that t he pr ice l ev el i ncre a ses sim ultaneou sl y .A t poi n t A also
q
2
be c om es p ositiv e. C on ti n uing a l o ng the pa th i nF igure 3 from A to B , Figure 5 sho ws
that sim ul ta neously the pric e lev el (i .e .
b
￿(q )) i ncreases un ti l a t poi n t B
0
c o rre spo nd i ng to
poi n t B i nF i g ure 3 the b oun dary b e t w ee n Region I and Regi on II i s reac he d, at whic h the{ 2 8 {
Fi gu re 5 : Il lustration of the a djustm e n t pa th in the pric e spa ce ; n =2 :
m a r k e t r e g i m e f or com m o dit y 1 switc hes from dem a nd rationing in to sup pl y rationing. A t
this p o i n t the pat h i nF i g ure 3 c on tin ue sw i th v al ues of q
1
a b o v e 1 a nd he n c ew i th price p
1
b elo w the m axi m um acc o rdi ng to the pri ce l ev el, whil e the m ark ets a re k ept in eq uil ibrium
without rationing o n m ark e t1 . I nF igure 5 this i si l lustrated b y the f a ct tha t the path










,b y foll o wing
the curv eb e t w e en Re gi o n I and Region I I. A t poi n t C
0
c o rre sp ond i ng to p oin t C in Fi g ure
3 this c urv e ag ain m eet s the ra y o f ￿xed relativ e price s. Observ et h at going along thi s




the a bsolute v alue of p
2
￿rst is incre as i n g and after w a rds decr ea si ng ,
sho wi ng that the pric e lev el and he nce q
3
do e s no t inc reas e m o noto ni call y . Con tin uing
at p oin t C the path in Figure 3 ag ain i nduces an eq uili brium with ￿xe d rel at i v e pric es
and dem an d ra ti on i ng o n b oth m ark e ts , and henc e the c o rre spo nd i ng pa th in Fi g ure 5
con ti n ues a l on g the ra y throug h O g oing further up w ards i n Region I. A t thi s part o f the
path the pric el ev el i nc reases ag ain. A t p oin t D
0
c o rre spo nd i ng to the p oin t D in Fi g ure 3
the b order b et w een Region I a nd Re gi o n I I I is reac hed. No w the pa th con tin ue sa l on g the
curv eb e t w ee n these regions, k eepi ng the m ark e ts in equi li br ium b ya l lo wi n g th e pri ce of
com m o dit y2t ov ary b e lo w the a l lo w e dm axi m um v alue (q
2
> 1) an d i m pos i ng a dem and
constra i n t on the m ar k et of c om m od i t y1( q
1
< 1), u n til a t p oin t W
0
c o rre sp ond i ng to W
in Fi g ure 3 the eq uili brium v alue s of the pric es a re re ac hed. Observ e that corresp onding
to the l a w of dem and a l on g t h e p ath the price l ev el should b e i ncreasing as long a s there{ 2 9 {
is dem an d r at i on i ng on b oth m ar k ets. In case fo r there is n o (dem and) ra ti on i ng at l east
one com m od i t y , the price lev el m a y decre a se along the path .
7 Ge neralize d real dem and- c on strained eq uilibria
So far the ex istence of a co n tin uous pie cewi se l inear p ath of "-G RDE
￿
’ sh a s b e en sho wn
for ev ery "> 0 :I nt h i ss e ction the case " =0w i ll b e c o nside red. W ec o nje cture that u nde r
suitable d i ￿e ren ti ab i li t y co ndi tions o n uti li t y func tions and consum ption sets the path of









)= 0 i s gene ricall y a piec ewise di ￿e ren ti ab l e1 - m an i fo l d
with b ounda ry .M or e o v er, one o f the com pon e n ts of this 1 -m anifold is ho m eom orphic to
the unit in te rv a l and has t w o b ou ndary p oin ts , q
￿
=0 i nducing the tri vial RDE
￿
, and a





i n d u c i ng a WE. In thi s secti on w ew i ll ta k e a nother appro ac h. W ew i ll not
m ak ea n y di￿ere n tiabil it y as sum pti o ns, instead w e only m ak e the Assum ptions A1- A 3. Th e









) = 0 con tains a com p onen t
con taini ng b oth the p oin t q
￿





; ho l ds for ev ery econo m y s ati sf y ing
the pre vious l ym en ti o ned ass um ptions . The pro of o f th e result foll o ws the a pproa c ho f











r ) ; d e ￿ n e t h e se t Q as









) = 0 g :
A t opol ogic a l spa c ei sc o nnec ted if it i s n ot the u ni o n of t w o non-em pt y , disjoin t, c los e d
sets. A sub set o f a to p olog i cal spa c ei sc o nnec ted if i tb e com es c o nnec ted wh e ng i v e n
the induce d t o pol og y . The com p onen t o f a poi n t in a top ological spa c e equals the union
of a l l co nne cted subsets of the top ol o gic a l sp ace con taining the p oin t. It i s not di ￿cul t
to sho w that th e c om p onen t of a p oin ti s the largest c o nnec ted s ubset of the top ol o gic al
s pa c ec on ta i ning the p o i n t. The co l le ction o f com pon e n ts of a s e t partiti o ns the set .F or a
n o n -em pt y com pact set S ￿ I R
k


















s 2 I R
k
. It i s easily sho w n tha t th e functi on g
S





non -em pt y , com pa c t s ubsets o f I R
k

































) > 0 :
Theore m7 . 1











r) sa t isf yt h e Assumptions A1-A3. Then Q h as a











in d u cing a s et o fG RDE
￿
’s c ontain ing the tr iv ial R DE
￿














all t 2 [ 0 ; 1] . Co nside r a n accum ulation p oin to ft h e s e quence f￿
r
(1)g
r 2 I N
; sa y q
￿












) = 0 ; a n d q
￿
i n d u c e s a W E. Moreo v er, 0; q
￿
2 Q. E x erci s e 4c of Sec tion
5.1 in Munk res [18 ] (p. 2 35) s tates that the com po ne n to fap o i n t in a com pa c t Hausd or￿
spa c ee quals the i n tersec tion of all se ts con taini n g the p oin t whic h are b oth op e n and cl os e
in the com pa c tH a usdor￿ s pace . Su pp os e q
￿
i s not an e lem en t o f the com pon e n to f 0 .





is a com pact Hau sdor￿ s pace w he ng i v e n the i nduced top o l og y ,



















) >" : Con si der a















for all s 2 I N. F or s 2 I N de￿ne the func tion
f
s

























it follo ws tha t, for an y
s 2 I N, the function f
s
i s con tin u ous. Mo r eo v e r, f
s
(0) < ￿" an d f
s
( 1) > 0 : Let t
s
2 [ 0 ; 1]






























. Co nside r the







in th e com pact s e t D
n+ 1
￿








ex ists and i se qual to ￿ 2 D
n+ 1
￿
.I t holds tha t
b
z (￿ ) =
b


















(￿ ) = 0. Since
g
Q






















ac on tra di ction is o btained. Q.E.D.
Corollary 7.2











r ) sat i sfy the A ssump ti o n s A1-A 3 . Then ther e exists
ac on ne cte d set of GR DE
￿
’s of E c o n tainin g t he t r ivial RDE
￿
and a W E.
Pro of
Co nsi de rt h es e t of GRD E































th e com p onen t of the set Q c on ta i ning 0: B y Theorem 7.1 the set a b o v e con ta i ns
the trivi a l RDE
￿
and a WE, a nd si nce t he i m a ge o f a conn e cted s e tb y a con ti n uo us func tion
is connecte d, the coro l lary foll ows. Q.E.D.{ 3 1 {
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